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The deﬁnition of Minkowski–Firey Lp-combinations is extended
from convex bodies to arbitrary subsets of Euclidean space. The
Brunn–Minkowski–Firey inequality (along with its equality condi-
tions), previously established only for convex bodies, is shown to
hold for compact sets.
© 2011 Elsevier Inc. All rights reserved.
The simple notion of Minkowski addition of convex sets (together with the concept of ordinary
volume) has led directly to mixed volumes and ultimately to the rich and beautiful Brunn–Minkowski
theory. (See, e.g., the books by Gardner [11], Schneider [38], and Thompson [42] for reference.) The
fundamental inequality in this subject is the classical Brunn–Minkowski inequality, an inequality that
has had far reaching consequences for subjects quite distant from geometric convexity. For this, see
the beautiful survey by Gardner [10].
The pointwise deﬁnition of Minkowski addition does not require convexity and is valid for arbitrary
subsets of Euclidean space. By the middle of the last century, the Brunn–Minkowski inequality (along
with its equality conditions) had been successfully extended to nonconvex sets.
At about the same time that the ﬁnal details were being settled concerning the equality cases
in the Brunn–Minkowski inequality for nonconvex sets, Firey [8] showed that classical Minkowski
addition of convex sets is the special case p = 1 of a general Lp-addition, now known as Minkowski–
Firey Lp-addition or simply Lp-addition. Firey also established an Lp-Brunn–Minkowski inequality for
the new addition, where the special case p = 1 is the classical Brunn–Minkowski inequality. Firey’s
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inequality.
During the past two decades, the combination of volume and Lp-addition has led to a rapidly
evolving Lp-Brunn–Minkowski theory (see, e.g., [1,2,4–7,9–37,39–41,43–45]).
The major defect of Lp-addition is that it is deﬁned indirectly in terms of the p-means of the sup-
port functions of the convex sets being added. Thus, unlike ordinary Minkowski addition, Lp-addition
is restricted to convex sets. Furthermore, it must be assumed that the convex sets being added contain
the origin.
It is the aim of this short note to demonstrate that there is a pointwise deﬁnition of Lp-addition.
Like ordinary Minkowski addition, this new pointwise addition is valid for arbitrary subsets of Eu-
clidean space. Furthermore, the Lp-Brunn–Minkowski inequality will be extended to nonconvex sets.
The setting is Euclidean n-space, Rn . Denote by Sn−1 the unit sphere in Rn .
Deﬁnition. For real p  1 and K , L ⊂Rn deﬁne
K +p L =
{
(1− t)1/p′x+ t1/p′ y: x ∈ K , y ∈ L, and 0 t  1},
where p′ denotes the Hölder conjugate of p (i.e., 1p + 1p′ = 1).
When p = 1, then p′ = ∞ and in this case the coeﬃcients (1 − t)1/p′ and t1/p′ are deﬁned as 1,
for all t . Note that L1-addition, K +1 L, agrees with classical Minkowski addition K + L.
For a convex set K ⊂ Rn , let hK : Sn−1 → R denote the support function of K ; i.e., hK (u) =
max{u · x: x ∈ K }, for u ∈ Sn−1. A convex body will always mean a compact convex subset of Rn
whose interior is non-empty.
We shall restrict our attention to compact subsets of Rn . However what we present is easily ex-
tendable (in a completely obvious manner) to very general subsets of Rn . With the deﬁnition above
there is little (if anything) that can be done in extending the Brunn–Minkowski inequality (to non-
convex sets) that cannot be done for the Lp-Brunn–Minkowski inequality.
Lemma 1. If p > 1, and K , L are convex bodies containing the origin, then K +p L is a convex body.
Proof. By its deﬁnition, K +p L contains both K and L and thus is non-empty. Given
z1 = (1− t1)1/p′x1 + t1/p
′




2 y2 ∈ K +p L,
and θ ∈ (0,1), we will show that there exist x ∈ K , y ∈ L, and t ∈ [0,1] so that
(1− θ)z1 + θ z2 = (1− t)1/p′x+ t1/p′ y. (1)
Let
x = α((1− λ)x1 + λx2), y = β((1− μ)y1 + μy2),
where α, β , λ, μ are in [0,1] and are to be determined. Eq. (1) can be satisﬁed by ﬁnding t,α,β,
λ,μ ∈ [0,1], such that
(1− θ)(1− t1)1/p′x1 + θ(1− t2)1/p′x2 = (1− t)1/p′α
(
(1− λ)x1 + λx2
)
,
(1− θ)t1/p′1 y1 + θt1/p
′




(1− μ)y1 + μy2
)
.
This system, in turn, can be satisﬁed if the following system can be satisﬁed for some t,α,β,λ,μ ∈
[0,1]:
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θ(1− t2)1/p′ = (1− t)1/p′αλ,








The system (2) has solutions for t,α,β,λ,μ ∈ [0,1] if and only if the system
(
(1− θ)(1− t1)1/p′ + θ(1− t2)1/p′
)p′ = (1− t)αp′ ,
(
(1− θ)t1/p′1 + θt1/p
′
2
)p′ = tβ p′ , (3)
has solutions for t,α,β ∈ [0,1]. Now, for t,α,β ∈ [0,1], the range of (t,α,β) → (1 − t)αp′ + tβ p′
is [0,1]. Hence, the system (3) is solvable for t,α,β ∈ [0,1] if and only if
(
(1− θ)(1− t1)1/p′ + θ(1− t2)1/p′
)p′ + ((1− θ)t1/p′1 + θt1/p′2 )p′  1.
But that this is so is a direct consequence of the Hölder inequality. 
Note that for each compact set K ⊂Rn , we have
hconv K (u) = max
x∈K u · x, (4)
where conv K denotes the convex hull of K .
Lemma 2. If K , L ⊂Rn are compact and p > 1, then for all u ∈ Sn−1 ,
hconv(K+p L)(u) =
{
(hconv K (u)p + hconv L(u)p)1/p, hconv K (u) and hconv L(u) 0,
max{hconv K (u),hconv L(u)}, otherwise.
Proof. Fix a u ∈ Sn−1 and ﬁrst suppose hconv K (u) 0 and hconv L(u) 0.
From (4) and the Hölder inequality it follows that for (1− t)1/p′x+ t1/p′ y ∈ K +p L, we have
u · ((1− t)1/p′x+ t1/p′ y)= (1− t)1/p′u · x+ t1/p′u · y











p + hconv L(u)p
)1/p
.
Therefore, we need show that there exist x∗ ∈ K and y∗ ∈ L so that
u · ((1− t)1/p′x∗ + t1/p′ y∗)= (hconv K (u)p + hconv L(u)p)1/p .
To this end, choose x∗ ∈ K and y∗ ∈ L so that
0 u · x∗ = max
x∈K u · x = hconv K (u), 0 u · y
∗ = max
y∈L u · y = hconv L(u).
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deﬁne t by
t = c−phconv L(u)p,
from which we have
1− t = c−phconv K (u)p .
Now
u · ((1− t)1/p′x∗ + t1/p′ y∗)= (1− t)1/p′u · x∗ + t1/p′u · y∗
= c−p/p′(u · x∗)p/p′+1 + c−p/p′(u · y∗)p/p′+1
= c.
This completes the case where hconv K (u) 0 and hconv L(u) 0.
Now suppose u ∈ Sn−1, but min{hconv K (u),hconv L(u)} < 0, and without loss of generality, assume
hconv K (u) hconv L(u).
If hconv L(u) 0, then for (1− t)1/p′x+ t1/p′ y ∈ K +p L we have
u · ((1− t)1/p′x+ t1/p′ y) = (1− t)1/p′u · x+ t1/p′u · y
 t1/p′hconv L(u)
 hconv L(u).
If hconv L(u) < 0, then for (1− t)1/p′x+ t1/p′ y ∈ K +p L we have
u · ((1− t)1/p′x+ t1/p′ y) = (1− t)1/p′u · x+ t1/p′u · y
 (1− t)1/p′hconv K (u) + t1/p′hconv L(u)

(
(1− t)1/p′ + t1/p′)hconv L(u)
 hconv L(u).
Hence,
hconv(K+p L)(u) hconv L(u).
Since obviously L ⊂ K +p L for p > 1, we have
hconv(K+p L)(u) = hconv L(u),
which completes the second case. 
Lemmas 1 and 2 show that the new deﬁnition of Lp-addition agrees with Firey’s original deﬁnition
for the special case where the bodies involved are convex and contain the origin.
For K ⊂Rn and real λ > 0, deﬁne
λK = {λx: x ∈ K }.
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(1− λ)K + λL ⊆ (1− λ)1/p K +p λ1/p L,
and for 0 < λ < 1, equality implies that both conv K = conv L and 0 ∈ conv K ∩ conv L.
Proof. From the deﬁnition of Lp-sum, we have
(1− λ)1/p K +p λ1/p L =
{
(1− t)1/p′(1− λ)1/px+ t1/p′λ1/p y: x ∈ K , y ∈ L, and 0 t  1}.
The subset of (1− λ)1/p K +p λ1/p L for the speciﬁc value t = λ is
{
(1− λ)x+ λy: x ∈ K and y ∈ L},
which is (1− λ)K + λL. This establishes the inclusion.
To prove the equality conditions, suppose
(1− λ)K + λL = (1− λ)1/p K +p λ1/p L,
and 0 < λ < 1.
This gives
hconv((1−λ)1/p K+pλ1/p L) = hconv((1−λ)K+λL).




((1− λ)hconv K (u)p + λhconv L(u)p)1/p, hconv K (u) 0, hconv L(u) 0,
max{(1− λ)1/phconv K (u), λ1/phconv L(u)}, otherwise,
and obviously,
hconv((1−λ)K+λL)(u) = (1− λ)hconv K (u) + λhconv L(u).
If hconv K (u) 0 and hconv L(u) 0, then we have
(
(1− λ)hconv K (u)p + λhconv L(u)p
)1/p = (1− λ)hconv K (u) + λhconv L(u),
and since 0 < λ < 1 the equality conditions of the Hölder inequality show that
hconv K (u) = hconv L(u).
On the other hand if min{hconv K (u),hconv L(u)} < 0, for some u ∈ Sn−1, then we have
max
{
(1− λ)1/phconv K (u), λ1/phconv L(u)
} = (1− λ)hconv K (u) + λhconv L(u).
But this is impossible (recall 0 < λ < 1) because if a,b ∈R such that min{a,b} 0, then
(1− λ)1/p′a + λ1/p′bmax{a,b},
with equality if and only if a = b = 0.
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and thus 0 ∈ conv K ∩ conv L. 
The Brunn–Minkowski inequality for compact sets K , L ⊂Rn states that
V (K + L)1/n  V (K )1/n + V (L)1/n,
and if V (K ) and V (L) are positive, then there is equality in this inequality if and only if K and L
are homothetic convex bodies. See, e.g., [3, Theorem 8.1.1]. We now establish the Lp-version of the
inequality:
Theorem 4. Suppose p > 1. If K and L are compact sets in Rn, then
V (K +p L)p/n  V (K )p/n + V (L)p/n,
and if V (K ) and V (L) are both positive then there is equality in this inequality if and only if K and L are dilates
of some ﬁxed convex body containing the origin.
Proof. From Lemma 3 and the Brunn–Minkowski inequality for nonconvex sets, we have
V (K +p L)1/n = V
(




(1− λ)(1− λ)−1/p K + λλ−1/p L)1/n
 (1− λ)1/p′V (K )1/n + λ1/p′V (L)1/n
for λ ∈ [0,1]. The desired inequality follows by letting
λ = V (L)
p/n
V (K )p/n + V (L)p/n .
Assume that equality holds. If V (K ) and V (L) are positive, then the equality conditions of the
Brunn–Minkowski inequality show that K and L are homothetic convex bodies. The equality condi-
tions of Lemma 3 show that
(1− λ)−1/p K = λ−1/p L,
and that K and L contain the origin. 
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